Abstract. There are 6 types of 2-dimensional representations in general. For any groups and any monoids, we can construct the moduli of 2-dimensional representations for each type: the moduli of absolutely irreducible representations, representations with Borel mold, representations with semi-simple mold, representations with unipotent mold, representations with unipotent mold over F2, and representations with scalar mold. We can also construct them for any associative algebras.
Introduction
In this paper we deal with the moduli of representations of degree 2. We can classify 2-dimensional representations into 6 types in general. For any groups and any monoids, we can construct the moduli of 2-dimensional representations for each type. For any associative algebras, we can also construct them for each type.
In [7] we have introduced the notion of mold. A mold is, so to say, a subalgebra of the full matrix ring. More precisely, a subsheaf of O X -algebras A ⊆ M n (O X ) on a scheme X is called a mold if A is a subbundle of M n (O X ). Let Γ be a group or a monoid. By a homomorphism ρ : Γ → M n (Γ(X, O X )), we understand an n-dimensional representation of Γ on a scheme X. We say that a representation ρ has a mold A if the subsheaf of O X -algebras O X [ρ(Γ)] of M n (O X ) generated by ρ(Γ) coincides with A. It is effective to classify representations with respect to molds for constructing the moduli of equivalence classes of representations. If we try to construct the moduli of equivalence classes of all representations without classifying representations with respect to molds, then two representations which have the same composition factors coincide as points of the moduli even if they are not equivalent. For separating such representations in the moduli, we need to collect only representations which have the same mold. For example, we have constructed the moduli of equivalence classes of absolutely irreducible representations denoted by Ch n (Γ) air in [5] , where ρ : Γ → M n (Γ(X, O X )) is absolutely irreducible if O X [ρ(Γ)] coincides with the full matrix ring M n (O X ). We also have constructed the moduli of equivalence classes of representations with Borel mold denoted by Ch n (Γ) B in [7] , where ρ : Γ → M n (Γ(X, O X )) is a representation with Borel mold if for each x ∈ X there exists P ∈ GL n (O X (U)) on a neighbourhood U of x such that P · O U [ρ(Γ)] · P −1 coincides with the subsheaf of O U -algebras of M n (O U ) consisting of upper triangular matrices. The author calls the plan to construct the moduli of equivalence classes of representations for any suitable molds "mold program". In this article, we will complete the mold program of degree 2.
For k-subalgebras A and B of the full matrix ring M 2 (k) over an algebraically closed field k, we say that A and B are equivalent if there exists P ∈ GL 2 (k) such that P (5), we say that ρ is (1) an absolutely irreducible representation, (2) a representation with Borel mold, (3) a representation with semi-simple mold, (4) a representation with unipotent mold, (5) a representation with scalar mold, respectively. In the case (4), we need to divide representations with unipotent mold into 2 types: (4-a) when chk = 2, we say ρ is a representation with unipotent mold, and (4-b) when chk = 2, we say ρ is a representation with unipotent mold over F 2 . It is natural to divide the case (4) into 2 types for constructing the"good" moduli of representations with unipotent mold. Here, by constructing the "good" moduli of representations, we understand constructing smooth moduli schemes of representations at least for free monoids (more precisely, see the beginning of §5). Hence there are 6 types of 2-dimensional representations in general. In §3, we introduce the notions of (1), (2) , (3), (4-a), (4-b), (5) on 2-dimensional representations on arbitrary schemes X (Definitions 3.4, 3.5, 3.6, and 3.8). For 2-dimensional representations ρ 1 , ρ 2 on X, we say that ρ 1 , ρ 2 are equivalent (or ρ 1 ∼ ρ 2 ) if there exists a Γ(X, O X )-algebra isomorphism σ : M 2 (Γ(X, O X )) → M 2 (Γ(X, O X )) such that σ(ρ 1 (γ)) = ρ 2 (γ) for any γ ∈ Γ. If ρ 1 ∼ ρ 2 , then for each x ∈ X there exists P ∈ GL 2 (O X (U)) on a neighbourhood U of x such that P −1 ρ 1 (γ)P = ρ 2 (γ) on U for any γ ∈ Γ. We have constructed the moduli of equivalence classes of representations in the cases (1) absolutely irreducible representations and (2) representations with Borel mold in [5] and [7] , respectively. In the case (5) representations with scalar mold, we can easily construct the moduli (Theorem 3.12). In the cases (3) representations with semi-simple mold, (4-a) representations with unipotent mold, and (4-b) representations with unipotent mold over F 2 , we have the following theorems: with respect to Zariski topology for arbitrary group or monoid Γ. The moduli Ch 2 (Γ) u is separated over Z [1/2] ; if Γ is a finitely generated group or monoid, then Ch 2 (Γ) u is of finite type over Z [1/2] .
Theorem 1.3 (Theorem 6.16).
There exists a fine moduli scheme Ch 2 (Γ) u/F 2 associated to the sheafification Eq U 2 (Γ) F 2 of the functor (Sch/F 2 ) op → (Sets) X → 2-dimensional representations with unipotent mold over F 2 of Γ on X ∼ with respect to Zariski topology for arbitrary group or monoid Γ. The moduli Ch 2 (Γ) u/F 2 is separated over F 2 ; if Γ is a finitely generated group or monoid, then Ch 2 (Γ) u/F 2 is of finite type over F 2 .
For any associative algebra A over any commutative ring R, we also obtain the same theorems on 2-dimensional representations of A over R: there exist fine moduli schemes Ch 2 (A) s.s. , Ch 2 (A) u , and Ch 2 (A) u/F 2 separated over R. If A is finitely generated associative algebra over R, then the fine moduli schemes Ch 2 (A) s.s. , Ch 2 (A) u , and Ch 2 (A) u/F 2 are of finite type over R (Remarks 4.30, 5.24, 5.25, 6 .17, and 6.18). These theorems are main results of this article.
As a continuation of this article, we can deal with the absolutely irreducible representations parts of the representation variety and the character variety: Rep 2 (Γ) air and Ch 2 (Γ) air in [5] . For a group or a monoid Γ, the representation variety Rep 2 (Γ) is the affine scheme representing the contravariant functor which maps each scheme X to the set of 2-dimensional representations of Γ on X. For * = air, B, s.s., u, u/F 2 , or scalar, Rep 2 (Γ) * denotes the subscheme of Rep 2 (Γ) consisting of 2-dimensional representations with the mold corresponding to * . For a field k, the set of k-rational points of the representation variety Rep 2 (Γ) is the disjoint union of the set of k-rational points of Rep 2 (Γ) air , Rep 2 (Γ) B , Rep 2 (Γ) s.s. , Rep 2 (Γ) u (or Rep 2 (Γ) u/F 2 ), and Rep 2 (Γ) scalar . Hence for a finitely generated group or monoid Γ and for the finite field F q , the number of F q -rational points of Rep 2 (Γ) air can be calculated from those of Rep 2 (Γ) and the others Rep 2 (Γ) * . Since Rep 2 (Γ) air → Ch 2 (Γ) air is a PGL 2 -principal fibre bundle, the number of F q -rational points of Ch 2 (Γ) air can be also calculated from the result of Rep 2 (Γ) air . Similarly, the virtual Hodge polynomials of Rep 2 (Γ) air and Ch 2 (Γ) air over C can be calculated from those of Rep 2 (Γ) and the others Rep 2 (Γ) * over C. The existence of such geometric objects as the moduli of representations with several molds helps us to understand relations between the number of equivalence classes of representations of Γ over F q and virtual Hodge polynomials of the moduli (cf. [8] ).
In [8] , the authors deal with the case that Γ is the free monoid Υ m of rank m. The organization of this article is as follows: in §2, we review representations and molds on schemes. We also review the moduli of absolutely irreducible representations and the moduli of representations with Borel mold. In §3, we introduce several molds of degree 2: semisimple mold, unipotent mold, unipotent mold over F 2 , and scalar mold. We also introduce the moduli of representations with scalar mold. In §4, we construct the moduli of equivalence classes of representations with semi-simple mold. In §5, we construct the moduli of equivalence classes of representations with unipotent mold. In §6, we construct the moduli of equivalence classes of representations with unipotent mold over F 2 . In §7, we deal with discriminants which describe the absolutely irreducible representation part Rep 2 (Γ) air in the representation variety Rep 2 (Γ) as an appendix.
I would like to thank Takeshi Torii for his essential ideas and important suggestions on the moduli of representations. Although his name does not appear in the list of the authors, his contribution to this paper is not ignorable. This article has been inspired by his descriptions of the moduli of representations and approaches from viewpoints of algebraic topology, and so on, which will be written in [8] .
Preliminaries
In this section, we review representations and molds on schemes.
(For details, see [5] and [7] .) Definition 2.1 ( [5] ). Let Γ be a group or a monoid. By a representation of Γ on a scheme X, we understand a group homomorphism (or a monoid homomorphism) ρ : Γ → M n (Γ(X, O X )). For two representations ρ and ρ ′ , we say that ρ and ρ
Remark 2.2 ([5]
). Let ρ and ρ ′ be n-dimensional representations of Γ on X. If ρ ∼ ρ ′ , then for each x ∈ X there exists P ∈ GL n (O X (U)) on a neighbourhood U of x such that P −1 ρ(γ)P = ρ ′ (γ) on U for any γ ∈ Γ. Indeed, the group scheme PGL n over Z represents the functor
For details, see [5, Definition 6.1 and Theorem 6.2].
Definition 2.3 ([5]
). Let Γ be a group or a monoid. The following contravariant functor is representable by an affine scheme:
We call the affine scheme Rep n (Γ) the representation variety of degree n for Γ. The group scheme PGL n over Z acts on Rep n (Γ) by ρ → P −1 ρP . Each PGL n -orbit forms an equivalence class of representations. If Γ is a finitely generated group (or monoid), then Rep n (Γ) is of finite type over Z.
Definition 2.4 ([7]
). Let A be a subsheaf of M n (O X ) of O X -algebras on a scheme X. We say that A is a mold on X if M n (O X )/A is locally free. Let rankA denote the rank of a mold A as a locally free sheaf. For two molds A, B ⊆ M n (O X ) on X, we say that A and B are locally equivalent if there exist an open covering X = ∪ i∈I U i and
Here let us introduce an example of molds.
Example 2.5 ( [7] ). We define the mold B n on Spec Z by
For a mold A ⊆ M n (O X ) on a scheme X, we say that A is a Borel mold if A and B n ⊗ Z O X are locally equivalent to each other.
Definition 2.6 ([7]
). Let A be a mold on a scheme X. For a representation ρ of Γ on X, we say that ρ has mold type A if the image ρ(Γ) generates A as an O X -algebra.
Definition 2.7 ([7]
). Let ρ be an n-dimensional representation of Γ on a scheme X. We say that ρ is an absolutely irreducible representation (or air) if ρ has mold type M n (O X ). We also say that ρ is a representation with Borel mold if ρ has a Borel mold type.
Proposition 2.8 ( [5] , [7] ). The contravariant functor
is representable by an open subscheme Rep n (Γ) air of Rep n (Γ). The contravariant functor
with Borel mold of degree n for Γ on X .
is representable by a subscheme Rep n (Γ) B of Rep n (Γ). The action of PGL n on Rep n (Γ) induces the ones of PGL n on Rep n (Γ) air and
For absolutely irreducible representations, there exists a coarse moduli scheme.
Theorem 2.9 ([5]
). There exists a coarse moduli scheme Ch n (Γ) air separated over Z associated to the following functor:
Furthermore, the canonical morphism Rep n (Γ) air → Ch n (Γ) air gives a universal geometric quotient of Rep n (Γ) air by PGL n . If Γ is a finitely generated group (or monoid), then the moduli Ch n (Γ) air is of finite type over Z.
For representations with Borel mold, there exists a fine moduli scheme.
Theorem 2.10 ([7]
). There exists a fine moduli scheme Ch n (Γ) B separated over Z associated to the sheafification of the following functor with respect to Zariski topology:
with Borel mold of degree n for Γ ∼ .
Furthermore, the canonical morphism Rep n (Γ) B → Ch n (Γ) B gives a universal geometric quotient of Rep n (Γ) B by PGL n . If Γ is a finitely generated group (or monoid), then the moduli is of finite type over Z.
The degree 2 case
From now on, we deal mainly with the degree 2 case.
Let A 2 (Γ) be the coordinate ring of the representation variety of degree 2 for a group or a monoid Γ. Let σ Γ : Γ → M 2 (A 2 (Γ)) be the universal representation of degree 2 for Γ.
Ch be the subalgebra of A 2 (Γ) generated by
Ch by Ch 2 (Γ).
In [7, Example 1.3] we investigated the moduli of molds:
Let k be an algebraically closed field, for simplicity. Let us classify k-subalgebras A of M 2 (k) up to inner automorphisms of M 2 (k) for explaining molds of degree 2. In the case dim A = 4, A is equal to M 2 (k). For any subalgebra A of dimension 3, there exists P ∈ GL 2 (k)
In the case dim A = 2, there exists X ∈ A such that A = kI 2 + kX. For [X] ∈ M 2 (k)/kI 2 , we can define a mold A = kI 2 + kX, which is independent from choosing a representative X ∈ M 2 (k) of [X] . This is the reason why Mold 2,2 (k) ∼ = P * (M 2 (k)/kI 2 ) = P 2 k . There exist two types of molds of rank 2. The one is a semi-simple algebra, and the other is a non-semisimple algebra. In other words, the former is a 0 0 b a, b ∈ k , and the latter is a b 0 a a, b ∈ k up to inner automorphisms. Of course, a subalgebra A of dimension 1 is equal to kI 2 .
By using the classification of k-subalgebras of M 2 (k), we introduce several molds of degree 2. For the case of rank 4, we consider the full matrix ring mold M 2 (O X ). For the case of rank 3, we introduced Borel molds.
Here we introduce several types of molds of rank 2. There are two types of molds of rank 2: the semi-simple subalgebra case and the non-semi-simple subalgebra case. Moreover we can divide the nonsemi-simple 2-dimensional subalgebra case into two types: the ch = 2 type and the ch = 2 type.
Remark 3.3. For X ∈ M 2 (R), m(X) is the discriminant of the characteristic polynomial of X. If R is a field, then m(X) = 0 if and only if X is semi-simple and not scalar.
Definition 3.4. Let X be a scheme. Let A ⊆ M 2 (O X ) be a rank 2 mold on X. We say that A is semi-simple if there exists P x ∈ A x such that m(P x ) ≡ 0 in the residue field k(x) for each x ∈ X.
Definition 3.5. Let X be a scheme over Z [1/2] . Let A ⊆ M 2 (O X ) be a rank 2 mold on X. We say that A is unipotent if m(X) = 0 for each X ∈ A(U) and for each open set U ⊆ X.
Definition 3.6. Let X be a scheme over F 2 . Let A ⊆ M 2 (O X ) be a rank 2 mold on X. We say that A is unipotent over F 2 if tr(X) = 0 for each X ∈ A(U) and for each open set U ⊆ X.
Remark 3.7. The name "unipotent" seems to be strange. However, the author calls non-semi-simple molds of rank 2 unipotent molds because each unipotent mold over an algebraically closed field k is generated by a unipotent matrix of M 2 (k).
For each type of molds of rank 2, we introduce representations with a given mold. Definition 3.8. For a 2-dimensional representation ρ for a group or a monoid Γ on a scheme X, we say that ρ is a representation with semisimple mold if O X [ρ(Γ)] is a semi-simple mold on X. When X is a scheme over Z[1/2] (or over F 2 ), we say that ρ is a representation with unipotent mold (or unipotent mold over F 2 ) if O X [ρ(Γ)] is a unipotent mold (or a unipotent mold over F 2 , respectively) on X.
For each case of molds of rank 2, we construct the moduli of representations in §4- §6.
Finally, we consider molds of rank 1. This case is trivial. Indeed, any mold of rank 1 is the mold consisting of scalar matrices. Let us introduce the following definition for any degree.
Definition 3.9. Let X be a scheme. We say that A ⊆ M n (O X ) is a scalar mold if A is a rank 1 mold on X. In other words, A is a scalar mold if and only if A = O X · I n . Definition 3.10. For an n-dimensional representation ρ for a group or a monoid Γ on a scheme X, we say that ρ is a representation with scalar mold if O X [ρ(Γ)] is a scalar mold on X. is representable by a closed subscheme Rep n (Γ) scalar of Rep n (Γ). The induced action of PGL n on Rep n (Γ) scalar is trivial.
Proof. Let A n (Γ) be the coordinate ring of the representation variety Rep n (Γ). Let σ Γ : Γ → M n (A n (Γ)) be the universal representation of degree n for Γ. We denote by I the ideal of A n (Γ) generated by
Then it is easy to check that that Rep n (Γ) scalar is representable by the affine scheme SpecA n (Γ)/I. Since I is PGL ninvariant and the action of PGL n on A n (Γ)/I is trivial, the induced action of PGL n on Rep n (Γ) scalar is trivial.
Theorem 3.12. There exists a fine moduli scheme Ch n (Γ) scalar separated over Z associated to the following contravariant functor:
with scalar mold of degree n for Γ on X ∼ .
The moduli Ch n (Γ) scalar is isomorphic to Rep n (Γ) scalar . Moreover, they are isomorphic to Rep 1 (Γ) ∼ = Ch 1 (Γ) := Rep 1 (Γ)/PGL 1 . In particular, if Γ is a finitely generated group (or monoid), then the moduli is of finite type over Z.
Proof. Since the action of PGL n on Rep n (Γ) scalar is trivial, the affine scheme Rep n (Γ) scalar also represents the functor EqS n (Γ). We easily see that A n (Γ)/I ∼ = A 1 (Γ), where I is defined in the proof of Proposition 3.11. The action of PGL 1 ∼ = Spec Z on Rep 1 (Γ) is trivial. Hence we see that Rep n (Γ) scalar ∼ = Rep 1 (Γ) ∼ = Ch 1 (Γ). If Γ is finitely generated, then Rep n (Γ) is of finite type over Z, and therefore so is Rep n (Γ) scalar .
Semi-simple mold
In §4- §6, we only deal with rank 2 molds of degree 2. In this section, we investigate the semi-simple mold case.
) be the universal representation of degree 2 for a group or a monoid Γ. For α, β, γ ∈ Γ, we define the matrix M(α, β, γ) by
We define the closed subscheme Rep 2 (Γ) rk≤2 of Rep 2 (Γ) by
We also define the open subscheme Rep 2 (Γ) rk2 of the affine scheme
Definition 4.2. We define the representation variety with semi-simple mold of degree 2 for a group or a monoid Γ by
We easily see that 
Let us denote by A 2 (Γ) rk≤2 the coordinate ring of the affine scheme Rep 2 (Γ) rk≤2 . We define A 2 (Γ) Ch rk≤2 as the subring of A 2 (Γ) rk≤2 generated by {tr(σ Γ (γ)), det(σ Γ (γ)) | γ ∈ Γ} over Z. We also denote by Ch 2 (Γ) rk≤2 the spectrum of A 2 (Γ) 
Then we have the canonical morphism
and
For a group or a monoid Γ, we have the following diagram for each γ ∈ Γ:
Proposition 4.4. If Γ is a finitely generated group or monoid, then Rep 2 (Γ) rk≤2 and Ch 2 (Γ) rk≤2 are of finite type over Z.
Proof. Let S = {α 1 , . . . , α n } be a set of generators of Γ. We may assume that α
is also an element of S for each 1 ≤ i ≤ n if Γ is a group. The coordinate ring A 2 (Γ) rk≤2 is generated by all entries of
is generated by {det(
Indeed, we can verify it by using the following equalities:
for 2 × 2 matrices X, Y, Z. These equalities have been well known (For proofs see [9] or [6, Appendix] Let σ Υ 1 be the universal representation of degree 2 for Υ 1 . Put
Then we see that the coordinate ring A 2 (Υ 1 ) of
Ch is isomorphic to the polynomial ring
Proof. Let us claim that
Since tr(A k ) can be expressed by a polynomial in Z[tr(A), det(A)] for each k ∈ N, the statement follows from this claim. It only suffices to prove that this claim holds for
Hence the claim holds for A ∈ M 2 (k) with k = k. Because the claim holds for an algebraic closure k of the quotient field Q(A 2 (Υ 1 )) of A 2 (Υ 1 ), it also holds for Q(A 2 (Υ 1 )) and for A 2 (Υ 1 ). This completes the proof.
Remark 4.7. Using Proposition 4.6, we easily see that
−2 for A ∈ GL 2 (R) with a commutative ring R. Hence we also see that
We have the following diagram for the free monoid Υ 1 = α :
is not a scalar matrix of M 2 (R/m). Then there exists P ∈ GL 2 (R) such that
Proof. Put A = a b c d . From the assumption, at least one of
Then the vectors e 2 := t (0, 1) and A · e 2 ∈ R 2 form a basis of R 2 . With respect to the basis {e 2 , A · e 2 }, the linear map A : R 2 → R 2 can be expressed as
. In the case c ∈ R × , we can choose {e 1 , A · e 1 } as a basis of R 2 , where e 1 := t (1, 0). Then we can change A into the form which we want. If a − d ∈ R × and b, c ∈ R × , then the vectors e 1 + e 2 = t (1, 1) and A · (e 1 + e 2 ) form a basis of R 2 . Similarly we can change A into the desired form.
To prove the latter part of the statement, we may assume that
. By direct calculation, we see that AQ = QA implies
is smooth and surjective. In particular, it is faithfully flat.
Proof. Let I be an ideal of a local ring R with I 2 = 0. For a given commutative diagram
. By Lemma 4.8, there exists P ∈ GL 2 (R/I) such that
Let us take P ∈ GL 2 (R) such that P ≡ P (mod I).
Hence we obtain a morphism SpecR → Rep 2 (Υ 1 ) rk2 satisfying the commutativity. This implies that the morphism Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ) is smooth. Surjectivity follows from that we can take such matrix as B above for a given k-valued point (T, D) ∈ Ch 2 (Υ 1 )(k) with a field k. Since smoothness implies flatness, it is faithfully flat. Lemma 4.10. Let R be a commutative ring. For X, Y ∈ M 2 (R) and a, b ∈ R, we have
Proof. By direct calculation, we can check the formula above.
Lemma 4.11. Let (R, m, k) be an artinian local ring, and I be an ideal of R with mI = 0. For A ∈ M 2 (R), let us define the k-linear map
Proof. Since mI = 0, we can regard I as a vector space over 
for suitable P ∈ GL 2 (R) by considering the automorphism Ad(P ) :
. We have the following proposition:
Proposition 4.12. The composition of the morphisms
Proof. Let (R, m, k) be an artinian local ring, and let I be an ideal of R with mI = 0. For a given commutative diagram 
Hence we have proved tr(AY ) = 0. By Lemma 4.11, we have
Now let us define the morphism SpecR
Verifying the commutativity, we see that the morphism is smooth. By Lemma 4.8 we see that the morphism is surjective. Hence it is faithfully flat. Proposition 4.13. The morphism
Proof. Let (R, m, k) be an artinian local ring, and let I be an ideal of R with mI = 0. For a given commutative diagram
For proving that the morphism is smooth, we define a morphism SpecR → Rep 2 (Υ 1 ) rk2 × PGL 2 satisfying the commutativity. Put T = tr(A) = tr(B) and D = det A = det B. Let us take P ∈ GL 2 (R) such that (P mod I) = P . Then set C := P −1 AP − B ∈ M 2 (I). Let us show that tr(C) = tr(BC) = 0. Indeed, tr(C) = tr(P −1 AP )− tr(B) = T − T = 0. Note that det C = 0 by I 2 = 0. Using Lemma 4.10, we have
Hence we have verified tr(BC) = 0. By Lemma 4.11, we have
we can verify the commutativity. Therefore the morphism is smooth.
By Lemma 4.8 we see that the morphism is surjective. Hence it is faithfully flat.
Let us introduce the following two lemmas on sufficient conditions for a given morphism to be a universal geometric quotient (For the definition of universal geometric quotient, see [4] ).
Lemma 4.14. Let G be an affine group scheme over an affine scheme S. Assume that the S-morphism σ : G× S X → X is a group action of G on an S-scheme X and that the action of G on an S-scheme Y is trivial. Let π : X → Y be an affine G-equivariant faithfully flat locally of finite presentation S-morphism. If the morphism (σ, p 2 ) : G× S X → X × Y X is faithfully flat, then π : X → Y is a universal geometric quotient by G.
Proof. From the assumption, we have
We also see that π is surjective and that the image of the morphism (σ, p 2 ) :
are faithfully flat. This completes the proof.
Lemma 4.15. Let X and Y be schemes over a scheme S. Let G be a group scheme over S. Assume that an S-morphism σ : G × S X → X is a group action of G on X and that the action of G on Y is trivial. Let π : X → Y be a G-equivariant S-morphism and s : Y → X be an S-morphism such that π • s = 1 Y . Suppose that (i) π is faithfully flat and locally of finite presentation, and
Then π : X → Y is a universal geometric quotient by G.
Proof. From the assumption (i), π : X → Y is surjective and universally open. Let us show that the image of the morphism (σ, p 2 ) : 
Suppose that (i) and the following (ii)' hold:
Then π : X → Y is a universal geometric quotient by G. 
The statement follows from the previous corollary.
Proposition 4.20. Let A ⊆ M 2 (R) be a rank 2 semi-simple mold over a commutative ring R. Suppose that there exists A ∈ A such that m(A) ∈ R × . Then the following bilinear form is perfect:
In other words, the R-linear map A → Hom R (A, R) defined by X → (Y → tr(XY )) is an isomorphism. In particular, for each X ∈ A, we have
Proof. Remark that {I 2 , A} forms a basis of A over R. The determinant of the matrix
is equal to m(A) ∈ R × , and hence the inverse matrix exists.
For each X = aI 2 + bA ∈ A with a, b ∈ R, we have
we have
Therefore we see that tr(··) : A × A → R is perfect.
It only suffices to prove that det(σ Γ (δ)) ∈ S for each δ ∈ Γ. Using Proposition 4.20, we have
Since the determinant of the matrix
with some a, b ∈ S for each δ ∈ Γ. By Lemma 4.10, the statement follows from the claim that det(σ Γ (γ)) ∈ S. Let us prove the claim. Putting δ = γ 2 , we have
We also obtain σ Γ (γ 2 ) = tr(σ Γ (γ))σ Γ (γ) − det σ Γ (γ)I 2 by the CayleyHamilton Theorem. Comparing the coefficients of I 2 , we have
Hence we have proved the statement.
Let Γ 1 , Γ 2 be monoids. Let ψ : Γ 1 → Γ 2 be a monoid homomorphism. Then ψ induces canonical ring homomorphisms ψ * :
We obtain the ring homomorphisms
Hence we have the morphisms
Lemma 4.22. Let γ be an element of a monoid Γ. Let ψ : Υ 1 → Γ be the monoid homomorphism sending α to γ. Then ψ induces the following diagram which is a fibre product:
In particular, the morphism π Γ,s.s.,γ can be obtained by base change of the prototype for each γ ∈ Γ.
Proof. Put X := Rep 2 (Γ) s.s.,γ and Y := Rep 2 (Υ 1 ) s.s.,α × Ch 2 (Υ 1 )s.s.,α Ch 2 (Γ) s.s.,γ . We shall show that the morphism f : X → Y induced by ψ is an isomorphism. Let R be a commutative ring. For two R-valued points σ 1 , σ 2 of X, assume that f (σ 1 ) = f (σ 2 ) as R-valued points of Y . Considering σ 1 and σ 2 as representations of degree 2 for Γ in R, we have
for each δ ∈ Γ and i = 1, 2. Since
Let y = (ρ, χ) be an R-valued point of Y . Here ρ : Υ 1 → M 2 (R) and χ are R-valued points of Rep 2 (Υ 1 ) s.s.,α and Ch 2 (Γ) s.s.,γ , respectively. Let us denote by χ(δ) the image of tr(σ Γ (δ)) by the ring homomorphism
It is easy to see that σ(e) = I 2 and σ(γ) = ρ(α).
Note that
By a similar discussion in the proof of [5, Theorem 5.1], we see that σ is a representation, and hence that σ can be regarded as an R-valued point of X. Since tr(σ(δ)) = χ(δ) for each δ ∈ Γ, we also see that f (σ) = y by using Proposition 4.21. Therefore f is an isomorphism.
Remark 4.23. We can also prove the group version of Lemma 4.22: Let γ be an element of a group Γ. Let φ : F 1 → Γ be the group homomorphism sending α to γ. Then φ induces the following diagram which is a fibre product:
In particular, the morphism π Γ,s.s.,γ can be obtained by base change of the prototype for group representations. • s x = id Vx . Indeed, take γ ∈ Γ such that x ∈ Ch 2 (Γ)
and that tr(ρ 1 (δ)) = tr(ρ 2 (δ)) = tr(ρ 3 (δ)) for each δ ∈ Γ. There exist
on V x for δ ∈ Γ and for i = 1, 2, 3, we have Q
2 ) = ρ 2 on V x . This completes the proof. Theorem 4.28. Let R be a local ring. For two representations with semi-simple mold ρ 1 , ρ 2 : Γ → GL 2 (R) for a group (or a monoid) Γ, ρ 1 and ρ 2 are equivalent to each other (in other words, there exists P ∈ GL 2 (R) such that P −1 ρ 1 (γ)P = ρ 2 (γ) for any γ ∈ Γ) if and only if tr(ρ 1 (γ)) = tr(ρ 2 (γ)) for each γ ∈ Γ. By a generalized representation with semi-simple mold for Γ on a scheme X, we understand pairs {(U i , ρ i )} i∈I of an open set U i and a representation with semi-simple mold ρ i : Γ → M 2 (Γ(U i , O X )) satisfying the following two conditions:
} j∈J is a generalized representation with semi-simple mold again. We easily see that EqSS 2 (Γ)(X) is the set of equivalence classes of generalized representations with semi-simple mold for Γ on a scheme X.
Theorem 4.29. The scheme Ch 2 (Γ) s.s. is a fine moduli scheme associated to the functor EqSS 2 (Γ) for a group or a monoid Γ: Proof. It is easy to define a canonical morphism EqSS 2 (Γ) → h Ch 2 (Γ)s.s. := Hom(−, Ch 2 (Γ) s.s. ). Let us define a morphism h Ch 2 (Γ)s.s. → EqSS 2 (Γ). Let g ∈ h Ch 2 (Γ)s.s. (X) with a scheme X. For each x ∈ X, take γ x ∈ Γ such that g(x) ∈ Ch 2 (Γ) s.s.,γx . By using the section s Γ,γx : Ch 2 (Γ) s.s.,γx → Rep 2 (Γ) s.s.,γx in Remark 4.26, we can define a representation with semi-simple mold ρ x on a neighbourhood U x of x. By Lemma 4.27, we see that {(U x , ρ x )} x∈X ∈ EqSS 2 (Γ)(X) and that the morphism h Ch 2 (Γ)s.s. → EqSS 2 (Γ) is well-defined. It is easy to see that Ch 2 (Γ) s.s. represents the functor EqSS 2 (Γ).
Since Ch 2 (Γ) s.s. is an open subscheme of the affine scheme Ch 2 (Γ) rk≤2 , Ch 2 (Γ) s.s. is separated over Z. Suppose that Γ is finitely generated. Then Ch 2 (Γ) rk≤2 is of finite type over Z by Proposition 4.4. Hence Ch 2 (Γ) s.s. is also of finite type over Z.
Remark 4.30. Let A be an associative algebra over a commutative ring R. For an R-scheme X, we say that an R-algebra homomorphism
For a 2-dimensional representation ρ of A, ρ is called a representation with semi-simple mold if the subalgebra ρ(A) of M 2 (O X ) generates a semi-simple mold on X. In a similar way as group or monoid cases, we can define generalized representations with semi-simple mold for A on an R-scheme X. The contravariant functor EqSS 2 (A) from the category of R-schemes to the category of sets is defined as is of finite type over R. For a local ring S over R, we see that two representations with semi-simple mold ρ 1 , ρ 2 : A → M 2 (S) are equivalent to each other (in other words, there exists P ∈ GL 2 (S) such that P −1 ρ 1 (a)P = ρ 2 (a) for any a ∈ A) if and only if tr(ρ 1 (a)) = tr(ρ 2 (a)) for each a ∈ A (the associative algebra version of Theorem 4.28). As seen in Theorem 4.17, π : Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ) is a universal geometric quotient by PGL 2 . Put A := σ Υ 1 (α) for the universal representation σ Υ 1 of Υ 1 = α . Let Z be the closed subscheme of Ch 2 (Υ 1 ) defined by m(A) = tr(A) 2 − 4 det(A) = 0. By base change, we obtain a universal geometric quotient π ′ : Rep 2 (Υ 1 ) rk2 × Ch 2 (Υ 1 ) Z → Z by PGL 2 . However, this quotient π ′ is not so good, because Z has a singular fibre over F 2 which is defined by tr(A) 2 = 0. Therefore we assume that all schemes are over SpecZ [1/2] in this section. The case of unipotent molds over F 2 will be discussed in the next section.
Assume that R is a Z[1/2]-algebra and that A ⊆ M 2 (R) is a unipotent mold over R through this section.
Proof. By the Cayley-Hamilton theorem, we have
Proof. Since we have only to prove that the equality holds locally, we may assume that there exists Z ∈ A such that A = R · I 2 + R · Z and m(Z) = tr(Z) 2 − 4 det(Z) = 0. Put X = aI 2 + bZ and Y = cI 2 + dZ. Proof. As in the proof of Lemma 5.3, we may assume that there exists Z ∈ A such that A = R · I 2 + R · Z and m(Z) = tr(Z) 2 − 4 det(Z) = 0. For X, Y ∈ A, there exists λ, µ ∈ R such that η(X) = λη(Z) and
This completes the proof. Notation 5.6. Let Γ be a group or a monoid. Let ρ : Γ → M 2 (R) be a representation with the unipotent mold A. For each γ ∈ Γ, we denote η(ρ(γ)) and r(ρ(γ)) by η(γ) and r(γ), respectively. Assume that there exists α ∈ Γ such that A = R · I 2 + R · ρ(α). Then A = R · I 2 + R · η(α) and for each γ ∈ Γ there exists a unique a α (γ) ∈ R such that η(γ) = a α (γ)η(α).
Remark 5.7. Note that the map r(·) : Γ → R is a character of Γ. In other words, r(e) = 1 and r(γδ) = r(γ)r(δ) for γ, δ ∈ Γ. From Lemma 5.5 we see that the map a α (·) : Γ → R is a derivation with respect to r, that is, a α satisfies the condition a α (γδ) = r(γ)a α (δ) + a α (γ)r(δ) for each γ, δ ∈ Γ.
For a representation ρ : Γ → M 2 (R) with the unipotent mold A such that A = R·I 2 +R·ρ(α) for some α ∈ Γ, we have a character r : Γ → R and a derivation a α : Γ → R with respect to r. Conversely, a character and a derivation give us a representation with unipotent mold.
Lemma 5.8. Let r : Γ → R be a character and let a : Γ → R be a derivation with respect to r. Assume that there exists α ∈ Γ such that a(α) ∈ R × . Furthermore assume that there exists Z ∈ M 2 (R) such that
is a representation for Γ with the unipotent mold A.
Proof. For γ, δ ∈ Γ, we have
Since ρ(e) = I 2 and ρ(α) = (r(α) − a(α)tr(Z)/2)I 2 + a(α)Z, the map ρ is a representation with the unipotent mold A. 
Here we denote by χ Γ : Γ → A 1 (Γ)[1/2] the universal representation of degree 1 for Γ.
Lemma 5.11. There exists a universal A 1 (Γ)[1/2]-module Ω Γ representing the covariant functor
In particular,
It is easy to check that Ω Γ represents the above functor.
Remark 5.12. If Γ is a finitely generated group or monoid, then A 1 (Γ)[1/2] is a finitely generated algebra over Z [1/2] and Ω Γ is a finitely generated A 1 (Γ)[1/2]-module. Indeed, let S = {α 1 , · · · , α n } be a set of generators of Γ. We may assume that α
is also an element of S for each 1 ≤ i ≤ n if Γ is a group. Then A 1 (Γ) [1/2] is generated by {χ Γ (α 1 ), . . . , χ Γ (α n )} over Z [1/2] and Ω Γ is generated by Example 5.14. Let Υ 1 = α 0 be the free monoid of rank 1. The
gives an isomorphism. In particular, Ch
Let us regard Ω Γ as a quasi-coherent sheaf on Rep 1 (Γ) [1/2] . There exists a one-to-one correspondence
Here we say that ψ 
, there exists a one-to-one correspondence
Since L is generated by ψ * (dα), L is isomorphic to O X . Let r : Γ → Γ(X, O X ) be the character associated to ψ : X → Rep 1 (Γ) [1/2] . Regarding ψ * (dα) as 1 of O X , we have the following: 
Here we introduce the following lemma without proof:
By the lemma above, we have:
Let Γ be a group or a monoid. For α ∈ Γ, we define the monoid homomorphism φ : Υ 1 = α 0 → Γ by α 0 → α. By restricting representations and derivations of Γ to those of Υ 1 through φ, we can obtain the following commutative diagram:
Under this situation, we have the following lemma.
Lemma 5.18. The above diagram gives a fibre product. In particular, the morphism Rep 2 (Γ) u,α → Ch 2 (Γ) u,α is obtained by base change of the prototype.
Proof. We claim that Rep
for each γ ∈ Γ. Hence ρ is uniquely determined by (ρ ′ , σ).
. By these discussion, the diagram gives a fibre product. Remark 5.21. For each point x ∈ Ch 2 (Γ) u , there exists a local section s x : V x → Rep 2 (Γ) u on a neighbourhood V x of x such that π Γ,u • s x = id Vx . Indeed, take α ∈ Γ such that x ∈ Ch 2 (Γ) u,α . The prototype Rep 2 (Υ 1 ) u → Ch 2 (Υ 1 ) u has a section s since it is obtained by base change of Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ), which has a section (it has been defined just before Proposition 4.12). By Lemma 5.18, π α : Rep 2 (Γ) u,α → Ch 2 (Γ) u,α has a section s Γ,α . Hence we can take Ch 2 (Γ) u,α as a neighbourhood V x of x.
Lemma 5.22. Let ρ 1 , ρ 2 be representations with unipotent mold for a group (or a monoid) Γ on a scheme
Proof. For x ∈ X, take α ∈ Γ such that (π Γ,u • f 1 )(x) = (π Γ,u • f 2 )(x) ∈ Ch 2 (Γ) u,α . We may assume that f i : X → Rep 2 (Γ) u,α for i = 1, 2 from the beginning. By Remark 5.21, π α : Rep 2 (Γ) u,α → Ch 2 (Γ) u,α has a section s Γ,α . Let ρ 3 be the representations with unipotent mold on X associated to
for each γ ∈ Γ and i = 1, 2, 3, where d is the derivation with respect to the character r associated to
2 ) = ρ 2 on V x . This completes the proof.
Let us define EqU 2 (Γ) as the sheafification of the following contravariant functor with respect to Zariski topology:
op → (Sets) X → {ρ | rep. with unipotent mold for Γ on X}/ ∼ .
By a generalized representation with unipotent mold for Γ on a scheme X, we understand pairs {(U i , ρ i )} i∈I of an open set U i and a representation with unipotent mold ρ i : Γ → M 2 (Γ(U i , O X )) satisfying the following two conditions:
} j∈J is a generalized representation with unipotent mold again. We easily see that Eq U 2 (Γ)(X) is the set of equivalence classes of generalized representations with unipotent mold for Γ on a scheme X.
Theorem 5.23. The scheme Ch 2 (Γ) u is a fine moduli scheme associated to the functor Eq U 2 (Γ) for a group or a monoid Γ:
In other words, Ch 2 (Γ) u represents the functor Eq U 2 (Γ). The moduli Ch 2 (Γ) u is separated over Z[1/2]; if Γ is a finitely generated group or monoid, then Ch 2 (Γ) u is of finite type over Z [1/2] .
]-equivariant morphism, we can define a canonical morphism Eq U 2 (Γ) → h Ch 2 (Γ)u := Hom(−, Ch 2 (Γ) u ). Let us define a morphism h Ch 2 (Γ)u → Eq U 2 (Γ). Let g ∈ h Ch 2 (Γ)u (X) with a scheme X. For each x ∈ X, take α x ∈ Γ such that g(x) ∈ Ch 2 (Γ) u,αx . By using the section s Γ,αx : Ch 2 (Γ) u,αx → Rep 2 (Γ) u,αx in Remark 5.21, we can define a representation with unipotent mold ρ x on a neighbourhood U x of x. By Lemma 5.22, we see that {(U x , ρ x )} x∈X ∈ Eq U 2 (Γ)(X) and that the morphism h Ch 2 (Γ)u → Eq U 2 (Γ) is well-defined. It is easy to see that Ch 2 (Γ) u represents the functor Eq U 2 (Γ).
Since Ch 2 (Γ) u is defined as ProjS(Ω Γ ), it is separated over Z[1/2]. If Γ is finitely generated, then Ch 2 (Γ) u is of finite type over Z[1/2] by Remark 5.12.
Remark 5.24. Let A be an associative algebra over a commutative ring R over Z [1/2] . For a 2-dimensional representation ρ of A on an R-scheme X, ρ is called a representation with unipotent mold if the subalgebra ρ(A) of M 2 (O X ) generates a unipotent mold on X. In a similar way as group or monoid cases, we can define generalized representations with unipotent mold for A on an R-scheme X. The contravariant functor Eq U 2 (A) from the category of R-schemes to the category of sets is defined as
rep. with unipotent mold for A on X ∼ .
Then we can construct the fine moduli Ch 2 (A) u associated to Eq U 2 (A) in the same way as Theorem 5.23 (for details, see Remark 5.25). The moduli Ch 2 (A) u is separated over R. If A is a finitely generated algebra over R, then Ch 2 (A) u is of finite type over R. 
is an R-algebra homomorphism, and it defines a morphism Rep 2 (A) u → Rep 1 (A). In a similar way as group or monoid cases, we can define a Rep
, where S(Ω A ) is the symmetric algebra of Ω A over A 1 (A). We can verify that π is a universal geometric quotient by PGL 2 ⊗ Z R and that Ch 2 (A) u represents Eq U 2 (A).
Unipotent mold over F 2
In this section, all schemes are over SpecF 2 and all commutative rings are over F 2 . Recall that a rank 2 mold A ⊆ M 2 (O X ) over a scheme X is called unipotent over F 2 if tr(s) = 0 for each open subset U ⊆ X and each s ∈ A(U). We construct the moduli of representations with unipotent mold over F 2 . (a, b) -coefficients of X with respect to Z. Lemma 6.2. Let U and Z be as in Definition 6.1. Assume that ρ : Γ → M 2 (Γ(X, O X )) is a representation with unipotent mold A on X for a group or a monoid Γ. For each γ ∈ Γ, let us denote a Z (ρ(γ)) and b Z (ρ(γ)) by a(γ) and b(γ), respectively. Then for γ, δ ∈ Γ, we have
Proof. Since ρ(e) = I 2 = 1 · I 2 + 0 · Z, a(e) = 1 and b(e) = 0. By the Cayley-Hamilton theorem, Z 2 − tr(Z)Z + det(Z)I 2 = 0. Hence we have Z 2 = − det(Z)I 2 = det(Z)I 2 by tr(Z) = 0. We see that
Comparing the coefficients of ρ(γδ) = a(γδ)
Let R be an algebra over F 2 . Let ρ : Γ → M 2 (R) be a representation with unipotent mold A over F 2 such that A = R·I 2 ⊕R·ρ(α). For each γ ∈ Γ, we denote a ρ(α) (γ), b ρ(α) (γ) by a(γ), b(γ), respectively. Then a(·) and b(·) satisfy the formulas in Lemma 6.2, where Z = ρ(α). Furthermore, a(α) = 0 and b(α) = 1. Conversely, a character and (a, b)-coefficients give a representation with unipotent mold over F 2 :
be a unipotent mold over F 2 such that tr(Z) = 0 and det(Z) = d(α) for some α ∈ Γ. Assume that a : Γ → R, b : Γ → R, and α ∈ Γ satisfy the equalities
for each γ, δ ∈ Γ. Furthermore, assume that a(α) = 0 and that b(α) = 1. Then the map
Proof. First we show that a(e) = 1 and b(e) = 0. By the assumption, Hence ρ(e) = a(e)I 2 + b(e)Z = I 2 . Next we show that
Hence ρ is a representation with unipotent mold A over F 2 .
Definition 6.4. Let d : Γ → R be a character in an F 2 -algebra R. For a : Γ → R, b : Γ → R and α ∈ Γ, we say that a and b are (a, b)-
hold for each γ, δ ∈ Γ.
For γ ∈ Γ, we define Rep
be the coordinate ring of Rep 1 (Γ) F 2 , and let d : Γ → A 1 (Γ) F 2 be the universal character of Γ. For α ∈ Γ, we define the
, where a(γ), b(γ) are indeterminates for each γ ∈ Γ and I is generated by
for all γ, δ ∈ Γ. We set Ch
There exists a 1-1 correspondence
Let σ Γ,u/F 2 and σ Γ,u/F 2 ,α be the universal representation with unipotent mold over F 2 on Rep 2 (Γ) u/F 2 and Rep 2 (Γ) u/F 2 ,α , respectively. Put d(γ) := det(σ Γ,u/F 2 ,α (γ)) for γ ∈ Γ. By Lemma 6.2, a σ Γ,u/F 2 ,α (α) (·) and
Definition 6.7. For the free monoid Υ 1 = α 0 of rank 1, we say that the morphism 
By Theorem 4.17, π : Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ) is a universal geometric quotient by PGL 2 . Taking the base change of π by Spec
By Lemma 5.16, we have:
Let Γ be a group or a monoid. For α ∈ Γ, we define the monoid homomorphism φ : Υ 1 = α 0 → Γ by α 0 → α. By restricting representations and (a, b)-coefficients of Γ to those of Υ 1 through φ, we can obtain the following commutative diagram:
Lemma 6.9. The above diagram gives a fibre product. In particular, the morphism Rep 2 (Γ) u/F 2 ,α → Ch 2 (Γ) u/F 2 ,α is obtained by base change of the prototype.
for each γ ∈ Γ, ρ is uniquely determined by (ρ ′ , σ). For a X-valued point (ρ ′ , σ) ∈ Z, we define the map ρ : Γ → M 2 (Γ(X, O X )) by (7) . From Lemma 6.3, we see that ρ is a X-valued point of Rep 2 (Γ) u/F 2 ,α . Then the X-valued point ρ is sent to (ρ ′ , σ) ∈ Z. By these discussion, the diagram gives a fibre product.
Proof. The statement follows from that π Γ,u/F 2 ,α is obtained by base change of the prototype.
Let α, β ∈ Γ. Let U α,β ⊆ Ch 2 (Γ) u/F 2 ,α be the open subscheme defined by {b(β) = 0}. The inverse image π
Hence U α,β ∼ = U β,α , and let us denote the canonical isomorphism by ϕ α,β : U α,β → U β,α . Note that
Gluing the schemes {Ch 2 (Γ) u/F 2 ,α } α∈Γ , we obtain a scheme, which we call Ch 2 (Γ) u/F 2 (For example, see [2, II, Ex.
2.12]). Gluing {π
The open subscheme U α,β ⊆ Ch 2 (Γ) u/F 2 ,α is affine and its coordinate ring is isomorphic to the localization A 2 (Γ)
Here we denote by a α , b α the (a, b)-coefficients of the universal representations σ Γ,u/F 2 ,α with respect to (det(σ Γ,u/F 2 ,α ), α).
−1 ] denote by the ring isomorphism associated to ϕ α,β : Remark 6.13. The morphism π Γ,u/F 2 : Rep 2 (Γ) u/F 2 → Ch 2 (Γ) u/F 2 is smooth and surjective for each group or monoid Γ. Indeed, the prototype π Υ 1 ,u/F 2 ,α 0 : Rep 2 (Υ 1 ) u/F 2 ,α 0 → Ch 2 (Υ 1 ) u/F 2 ,α 0 is smooth and surjective because it is obtained by base change of π : Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ) and π is smooth and surjective by Proposition 4.9. Hence
,α is smooth and surjective for each α ∈ Γ. Therefore, so is π Γ,u/F 2 .
Remark 6.14. For each point x ∈ Ch 2 (Γ) u/F 2 , there exists a local section s x : V x → Rep 2 (Γ) u/F 2 on a neighbourhood V x of x such that π Γ,u/F 2 • s x = id Vx . Indeed, take α ∈ Γ such that x ∈ Ch 2 (Γ) u/F 2 ,α . The prototype Rep 2 (Υ 1 ) u/F 2 ,α 0 → Ch 2 (Υ 1 ) u/F 2 ,α 0 has a section s since it is obtained by base change of Rep 2 (Υ 1 ) rk2 → Ch 2 (Υ 1 ), which has a section (it has been defined just before Proposition 4.12). By Lemma 6.9, we see that Rep 2 (Γ) u/F 2 ,α → Ch 2 (Γ) u/F 2 ,α has a section s Γ,α . Hence we can take Ch 2 (Γ) u/F 2 ,α as a neighbourhood V x of x. Lemma 6.15. Let ρ 1 , ρ 2 be representations with unipotent mold over F 2 for a group (or a monoid) Γ on a scheme X over F 2 . Let f i :
has a section s Γ,α . Let ρ 3 be the representations with unipotent mold over 
Let us define Eq U 2 (Γ) F 2 as the sheafification of the following contravariant functor with respect to Zariski topology:
By a generalized representation with unipotent mold over F 2 for Γ on a F 2 -scheme X, we understand pairs {(U i , ρ i )} i∈I of an open set U i and a representation ρ i : Γ → M 2 (Γ(U i , O X )) with unipotent mold over F 2 satisfying the following two conditions:
x ρ i P x = ρ j . Generalized representations {(U i , ρ i )} i∈I and {(V j , σ j )} j∈J with unipotent mold over F 2 are called equivalent if {(U i , ρ i )} i∈I ∪ {(V j , σ j )} j∈J is a generalized representation with unipotent mold over F 2 again. We easily see that Eq U 2 (Γ) F 2 (X) is the set of equivalence classes of generalized representations with unipotent mold over F 2 for Γ on a scheme X.
Theorem 6.16. The scheme Ch 2 (Γ) u/F 2 is a fine moduli scheme associated to the functor Eq U 2 (Γ) F 2 for a group or a monoid Γ:
In other words, Ch 2 (Γ) u/F 2 represents the functor Eq U 2 (Γ) F 2 . The moduli Ch 2 (Γ) u/F 2 is separated over F 2 ; if Γ is a finitely generated group or monoid, then Ch 2 (Γ) u/F 2 is of finite type over F 2 .
Proof.
For each x ∈ X, take α x ∈ Γ such that g(x) ∈ Ch 2 (Γ) u/F 2 ,αx . By using the section s Γ,αx : Ch 2 (Γ) u/F 2 ,αx → Rep 2 (Γ) u/F 2 ,αx in Remark 6.14, we can define a representation ρ x with unipotent mold over F 2 on a neighbourhood U x of x. By Lemma 6.15, we see that {(U x , ρ x )} x∈X ∈ Eq U 2 (Γ) F 2 (X) and that the morphism h Ch 2 (Γ) u/F 2 → Eq U 2 (Γ) F 2 is well-defined. It is easy to see that Ch 2 (Γ) u/F 2 represents the functor Eq U 2 (Γ) F 2 .
By Proposition 6.12, Ch 2 (Γ) u/F 2 is separated over F 2 . If Γ is finitely generated, then we can verify that A 2 (Γ) Ch u/F 2 ,α is a finitely generated algebra over F 2 in a similar way as Remark 5.12. Let S = {α 1 , . . . , α n } be a set of generators of Γ. Then Ch 2 (Γ) u/F 2 is covered by finitely many affine open subschemes Ch
Remark 6.17. Let A be an associative algebra over a commutative ring R over F 2 . For a 2-dimensional representation ρ of A on an Rscheme X, ρ is called a representation with unipotent mold over F 2 if the subalgebra ρ(A) of M 2 (O X ) generates a unipotent mold over F 2 on X. In a similar way as group or monoid cases, we can define generalized representations with unipotent mold over F 2 for A on an R-scheme X.
The contravariant functor Eq U 2 (A) F 2 from the category of R-schemes to the category of sets is defined as
rep. with unipotent mold over F 2 for A on X ∼ .
We can construct the fine moduli Ch 2 (A) u/F 2 associated to Eq U 2 (A) F 2 in the same way as Theorem 6.16 (for details, see Remark 6.18). The moduli Ch 2 (A) u/F 2 is separated over R. If A is a finitely generated algebra over R, then Ch 2 (A) u/F 2 is of finite type over R.
Remark 6.18. For an associative algebra A over a commutative ring R over F 2 , we can construct Ch 2 (A) u/F 2 in the following way. We define the contravariant functor Rep 
for all c 1 , c 2 ∈ A. Here d : A → Γ(X, O X ) denotes the ring homomorphism associated to X → Rep represents the functor corresponding X to the set of (a, b)-coefficients with respect to (d, c) on X for each scheme X over A ′ 1 (A). In a similar way as group or monoid cases, we can define a Rep 
Appendix: Discriminants
In this section we deal with the discriminant locus of the representation variety of degree 2. The discriminant locus is exactly the subset consisting of representations which are not absolutely irreducible. We describe the discriminant locus explicitly (cf. [9] or [10] ). Proof. The "if" part is easy. We only need to prove the "only if" part. Suppose that A = M 2 (k). If A has no nontrivial invariant subspace, then k 2 is a simple A-module. Since the Jacobson radical JacA is equal to ∩ M : simple AnnM = 0, the algebra A is semi-simple.
From the Wedderburn Theorem we see that A is a product of the full matrix rings over division algebras over k. Because A has a faithful 2-dimensional simple module and dim A ≤ 3, the algebra A is isomorphic to a quadratic extension of k. Hence A is commutative. ✷ Proposition 7.4. Let k be a field. Suppose that A, B ∈ M 2 (k) and A is the k-subalgebra of M 2 (k) generated by A and B. Then the following are equivalent: We can also prove the claim for the c 3 = 0 case. Thus we have shown that AB can be expressed as a linear combination of {I 2 , A, B}. We can also prove the BA case in the same way.
Next, we show that any monomial of A and B can be expressed as a linear combination of {I 2 , A, B}. This follows that A = M 2 (k). We prove the claim by induction on the length of monomials. The length 0, 1 and 2 cases are true. Suppose that the length n − 1 case is true for n ≥ 3. Let X be a monomial whose length is n. If X has a subsequence AB or BA, then X can be reduced to the the length n − 1 case from the above claim. If X has a subsequence AA or BB, then from the Cayley-Hamilton Theorem we also see that X can be reduced to the length n − 1 case. This completes the proof. ✷ Corollary 7.5. Let k be a field. Suppose that A is a k-subalgebra of M 2 (k). Then the following are equivalent:
(i) ∆(A, B) = 0 for each A, B ∈ A. irreducible.
Furthermore, if A, B, C ∈ GL 2 (k), then the following is also equivalent to the above two conditions. Proof. Since we may replace k with an algebraic closure k of k, we assume that k is an algebraic closed field from the beginning. Note that A = M 2 (k) if and only if the A-module k 2 is not irreducible when k = k.
(ii) ⇒ (i) The A-module k 2 is not irreducible, so there exists P ∈ GL 2 (k) such that P −1 AP = * * 0 * , P −1 BP = * * 0 * , P −1 CP = * * 0 * . (iii) ⇒ (ii) In the same way as the discussion above in the (i) ⇒ (ii) part, we only need to consider the case that A, B, C have exactly two fixed points in P 1 k . Suppose that A, B, C have no fixed point. From the assumption that ∆(A, B) = ∆(B, C) = ∆(C, A) = 0 we may assume that A has eigenvectors u and v, B has v and w, and C has w and u, where u, v, and w are distinct up to scalar multiplication. The assumption that ∆(AB, C) = 0 implies that AB and C have a common eigenvector. It is w or u. If w is an eigenvector of AB, then it is also an eigenvector of A because B ∈ GL 2 (k). This is a contradiction. If u is an eigenvector of AB, then it is also an eigenvector of B because A ∈ GL 2 (k). This is also a contradiction. Hence the matrices A, B, C have a common eigenvector, which implies that A = M 2 (k).
This immediately implies that tr(ABC) = tr(ACB). Hence we have
From the above proposition we obtain the following proposition.
Proposition 7.11. Let Γ be a group with a subset G = {α i } i∈I generating Γ. Assume that the index set I is a totally ordered set. The air part Rep 2 (Γ) air of the representation variety of degree 2 for Γ is equal to In a similar way, we obtain the following proposition. Proposition 7.12. Let Γ be a monoid with a subset G = {α i } i∈I generating Γ. Assume that the index set I is a totally ordered set. The air part Rep 2 (Γ) air of the representation variety of degree 2 for Γ is equal to
